High-dimensional derivatives pricing, such as Asian basket options, poses great computational challenges in practice. In this paper, parallel Randomized Quasi-Monte Carlo (RQMC) simulation method is investigated to tackle this kind of intractable problems. By using the intrinsic nature of "embarrassingly parallel", parallel RQMC algorithm for Asian basket option pricing is effectively implemented using MPI. Numerical experiments are performed on supercomputer DeepComp6800 and the parallel performance is then analyzed. Our parallel algorithm has exerted perfect performance and good scalability. Parallel computing has greatly improved the computational efficiency of derivatives pricing.
[10] [11] [14] , several approaches have been proposed in the literature, making Asian basket option pricing an increasingly active research area recently. These approaches can be generally categorized into two classes: analytical approximation approach and Monte Carlo simulation-based method, where the later is still dominated the financial industry in practice [16] .
Specifically, Dahl and Benth formulated the problem of European-style Asian arithmetic average basket options pricing in a Black-Scholes framework as a multi-dimensional integral, and used the numerical techniques of singular value decomposition and QMC method to obtain the approximate solution [10] [11] . Ju proposed an extremely accurate analytical approximation for pricing basket and single-asset Asian options using the Taylor expansion [14] . Deelstra etc used the method of conditioning the price processes of the underlying assets and derived an approximation for Asian basket option pricing by applying some moment matching method [4] . They lately proposed pricing bounds [5] and some moment matching pricing methods for European-style discrete arithmetic Asian basket options in a Black-Scholes framework [6] . Recently, Petrni and Sabino studied application of QMC simulation for pricing and hedging high-dimensional Asian basket options in a Black-Scholes market with time-dependent volatilities [13] . And Giles extended the novel multilevel Monte Carlo method for Asian basket option pricing based on a single underlying quantity and the numerical results has shown significant computational savings [12] .
Parallel computing has also been utilized to deal with high-dimensional Asian option pricing. Sak etc proposed parallel finite-difference algorithm for single-asset Asian option pricing and performed numerical examples on a Linux PC Cluster [7] . Huang and Thulasiram developed parallel algorithms for pricing American-style basket Asian options employing binomial tree method [9] . However, with the increasingly popularity of multi-core architecture, grid computing and cloud computing, parallel algorithms for Asian basket option pricing are still in active demand.
In this paper, we focus on effective parallel RQMC simulation for Asian basket option pricing on supercomputer DeepComp6800. The rest of the paper is organized as follows. In section 2, we introduce Asian basket option pricing formulation in the Black-Scholes framework and MC option pricing method. We discuss parallel RQMC algorithm for Asian basket option pricing in detail in section 3. We analyze the numerical results in section 4 and conclude in section 5.
ASIAN BASKET OPTION PRICING 2.1 Asian Basket Option Pricing Model
Consider Asian basket option pricing in Black-Scholes framework. Assuming that the stock price dynamics follow geometric Brownian motion, which has the following form [8] ( 1) where S is the stock price, T is the maturity of the option, the constant parameters µ and σ are with respect to the expected return and the volatility of the underlying asset, and dz is the standard Brown motion, which follows normal distribution with mean zero and variance dt. Using Ito's lemma, the analytical solution of Eq. (1) is (2) where z t follows the standard normal distribution N(0,1). The option value f(S, t) at time t satisfies the following partial differential equation (3) where r is the risk free interest rate. Equation (1) and (3) can be generalized to deal with basket options. As for an option on n underlying assets, the asset dynamics follow the process (4) which can also be written in the form dS/S~N(l, S), where l is the mean vector and Σ the covariance matrix. The elements of Σ are where i,j=1,2,···,n and ρ ij is the correlation coefficients between dz i and dz j . S has the Cholesky decomposition Σ = CC T . The elements of the mean vector µ are
The basket option value satisfies the following PDE (6) The payoff function of the Asian basket call option on n assets with m observation times P(S, T) is (7) where S = (S 1 (t), S 2 (t),···,S n (t)), S i (t j ) is the price of asset i at time t j and X is the strike price of the basket option. Using current numerical methods to solve the high-dimensional PDE (6) with boundary condition (7), can pose great computational challenges.
However, using martingale theory, Asian basket option pricing problem can also be written in the following form [8] [16] (8) where E(.) is the conditional expectation under risk-neutral probability measure and e -r(T-t) the discount factor. With this high-dimensional integral, we can utilize Monte Carlo simulation-based method to solve this intractable problem effectively.
Monte Carlo Simulation for Option Pricing
Closed-form solutions would be ineffective in valuing basket options, as estimating correlations among n underlying assets becomes problematic in these high-dimensional cases and hence no analytical solutions exist in practice. Numerical methods for derivatives pricing, such as binomial tree method/finite difference method, seem computationally prohibitive to deal with highdimensional derivatives pricing problems (see [7] [9] [12] ). So far, the most effective and popular method for basket option pricing is Monte Carlo simulation, which also provides a large-scale computational problem well suited for parallel computing.
Assuming S = (S 1 (t), S 2 (t),...,S n (t)) follows geometric Brownian motion. Through solving Eq. (4), we can simulate the stock price dynamics using the formula 9) where and NR i follows multivariable standard normal distribution N(0, I), which can be generated through k-dimensional random sequences following uniform distribution U(0, I). Then,
where g(u) is the discounted payoff function with the asset prices replaced by Eq. (9), k-dimensional random variable U follows uniform distribution U(0, I) and N is the number of simulated paths [16] . Under Eq. (10), we can apply Monte Carlo simulation method to approximate the Asian basket option value.
PARALLEL RQMC FOR ASIAN BASKET OPTION PRINCING 3.1 Randomized Quasi-Monte Carlo Method
Using deterministic QMC methods, reliable error estimates are difficult to obtain, which has motivated the introduction of Randomized Quasi-Monte Carlo (RQMC) method. The basic idea of RQMC is to use a highly uniformly point set to randomize the low-discrepancy point set , so that each individual sequence follows the uniform distribution over (0,1) m (where m is the dimension of the random sequences) and these points are more evenly distributed [2] . That is, let v be the uniform random vector in the m-dimensional space Ω, with carefully chosen randomization function , one can construct the randomized version of P n , where . For more on RQMC method, the interested readers are referred to [1] [2] [3] [10] [16] [17] [18] .
Parallel Algorithm and Implementation
Recently, the advent of powerful numerical procedures and computers has made possible the pricing of more complex derivatives. Using "master-work" programming model, Monte Carlo simulation method can be parallelized easily. There is little communication among the processors during the process of computation and the parallel algorithm can be expected to achieve almost linear speedup. The pseudo code of parallel RQMC for Asian basket option pricing is shown in Figure 1 . The parallel part in the process of computation is in the main for-loop, which is displayed in bold type in Figure 1 .
Parallel Randomized Quasi-Monte Carlo Simulation for Asian Basket Option Pricing
We implemented this parallel algorithm on supercomputer DeepComp6800 using MPI (Message Passing Interface). The algorithm runs in parallelism on each processor by computing the discounted payoff for almost equal part of N paths, and finally the master processor collects the results from all the other processors. We generate the Sobol low-discrepancy sequences with skipping the first 256 points to improve the quality of the sequences, and then randomize them using the random-shift method [16] . We use inverse method to transform Sobol sequences into ones following multi-dimensional standard normal distribution.
NUMERICAL EXPERIMENTS AND ANALYSES
The experimental environment is listed as follows: Processor-Intel Itanium 2; Complier-Intel C++ compiler 7.0; MPI-MPICH 1.2.4; Network-Quadrics QsNet; OS-RedHat AS 2.1 Linux. The default complier options are used.
The goal of parallel computing is generally to speed up the computation. Two important evaluating indicators are: speedup S(np) = t s /t p , where t s is the serial execution time and t p is the parallel execution time using np processors; efficiency . In the best cases, the speedup increases linearly with respect to the number of processors and the efficiency keeps constant and almost close to 100%. The parallel algorithm is said to be scalable, if the efficiency almost keeps constant while increasing the problem's size together with the number of processors. Consider pricing the Asian basket call option underlying 10 stocks. To be simplicity, we assume that the initial stock price S i (0), µ i and σ i for all the underlying assets are the same (i = 1, 2,...,10); the correlation ρ among two assets is the same; the risk free interest rate r is constant. The parameters are as follows: Table 1 shows the estimated option values and errors, while Table 2 the parallel execution time (in seconds). As demonstrated in Table 1 , while the number of simulated paths increasing, the variation of option value behaves slightly and the estimated error decreases gradually. This agrees with the algorithmic property of Monte Carlo method: the larger the number of the simulation, the more accuracy results of the problems on hands. Increasing the number of simulation can cost much longer computational time and parallel computing enable more accuracy solutions to be efficiently obtained. The execution time in Table 2 shows the great advantages of parallel computing. The parallel speedup and efficiency of parallel RQMC simulation for Asian basket option pricing is shown in Figures 2 and 3 respectively. The parallel speedup increases linearly with respect to the processors, as shown in Figure 2 . When the number of simulation is rather large, the super linear speedup is Journal of Algorithms & Computational Technology Vol. 6 No. 1 109 Table 2 . Execution time (in seconds) on DeepComp6800. obtained. As Figure 3 demonstrated, E is a little larger than 100% when performing large-scale simulation, which indicates that all the processors are almost fully used and the proposed parallel algorithm has good scalability. All these evidences manifest that our parallel RQMC algorithm for Asian basket option pricing exhibits perfect parallel performance.
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DISCUSSION AND CONCLUSION
Parallel Randomized Quasi-Monte Carlo algorithm for Asian basket option pricing is proposed in this paper. Numerical experiments were performed on supercomputer DeepComp6800 and the parallel algorithm has shown good scalability and perfect performance. This parallel algorithm can be extended to deal with other kinds of high-dimensional derivatives pricing. Here in our parallel implementation, we just valued one kind of the Asian basket option by using at most 16 processors. Since the parallel RQMC algorithm for derivatives pricing has good scalability and perfect performance, while solving more challenging derivatives pricing problems, more powerful computer and more processors can be used to speed up the computation of derivatives pricing, so as to satisfy the real-time/low-latency need in practice.
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Parallel Randomized Quasi-Monte Carlo Simulation for Asian Basket Option Pricing Nowadays, the number of global derivatives is continuously growing; the payoff structure of them is becoming more and more complex and exotic; in practice, the speed of derivatives pricing is too slow to be accepted most of the time. So, application of parallel computing in the financial industry has great potential and the advantages of parallel computing can be further explored and exerted in this inspiring field. For example, since parallel computing is suited to deal with large scale derivatives pricing problems, as demonstrated by our study in this paper, it is a powerful tool for developing new complicated derivatives to meet the great demand of investors in financial market.
